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In this paper, an extended real-valued proper lower semicontinuous convex
function f on a Banach space is said to have the Frechet differentiability propertyÂ
Ž .FDP if every proper lower semicontinuous convex function g with g F f is
Frechet differentiable on a dense G subset of int dom g, the interior of theÂ d
effective domain of g. We show that f has the FDP if and only if the wU-closed
convex hull of the image of the subdifferential map of f has the Radon]NikodymÂ
property. This is a generalization of the main theorem in a paper by Lixin and
Ž .Shuzhong to appear . According to this result, it also gives several new criteria of
Asplund spaces. Q 1998 Academic Press
1. INTRODUCTION
w xSince E. Asplund's pioneer work 1 in 1968, the study of FrechetÂ
differentiability property of convex functions on an infinite-dimensional
Banach space has continued for nearly 30 years. In 1975, I. Namioka and
w xR. R. Phelps 8 gave a characterization of the spaces on which every
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Žcontinuous convex function is generically Frechet differentiable i.e.,Â
.Frechet differentiable on a dense G subset , and called such spacesÂ d
Asplund spaces. Now we have already known a great number of ideas that
are equivalent to the notion of Asplund space, such as ``the dual has the
Ž w x.Radon]Nikodym property'' Stegall 12 , ``the dual is separable on eachÂ
separable subspace,'' ``every equivalent norm has at least one FrechetÂ
Ž w x.differentiability point'' see, for instance, 9 , and even ``every locally
Lipschitz function is densely Frechet differentiable in the interior of itsÂ
Ž w x w x.domain'' Preiss 10 , 11 .
Asplund space is the only class of spaces on which every continuous
convex function is generically Frechet differentiable. However, in anyÂ
Banach space, one can always find many nontrivial convex functions that
w xare generically Frechet differentiable. Recently, Tang Wee-Kee 13 andÂ
w xGiles and Sciffer 6 investigated the generic Frechet differentiabilityÂ
property of convex functions whose domains are beyond Asplund spaces.
They showed that if the image of the subdifferential map of a continuous
convex function is separable on each separable subspace, then the function
Žw x.is generically Frechet differentiable 6 , and that on a separable BanachÂ
space, every continuous convex function dominated by a convex Lipschitz
function f is generically Frechet differentiable if and only if the image ofÂ
Žw x.the subdifferential map › f of f is separable 13 .
w x w xMore recently, motivated by 13 , Cheng Lixin and Shi Shuzhong 5
considered the differentiability of convex functions dominated by a contin-
uous convex function and generalized as follows the results that we have
just mentioned above.
Ž .THEOREM 1.1. Suppose that f is a proper lower semicontinuous l.s.c.
con¤ex function on a Banach space E and that its effecti¤e domain dom f is
open. Then the following statements are equi¤alent:
Ž .i E¤ery proper l.s.c. con¤ex function g on E with g F f is generically
Frechet differentiable in dom g, the effecti¤e domain of g.Â
Ž . Ž .  U Uii The image of the subdifferential map › f of f , › f E [ x g E :
U Ž . 4x g › f x , x g E , is separable on each separable subspace of E.
Ž . Ž . Ž .iii › f E has the Radon]Nikodym property RNP .Â
Ž . U Ž . U w Ž .xiv The w -closed con¤ex hull of › f E , w -cl co › f E has the
RNP.
Ž .We say that a proper l.s.c. convex function f satisfying i of Theorem
Ž .1.1 has the Frechet differentiability property FDP . This paper furtherÂ
shows that Theorem 1.1 is still valid for any proper l.s.c. convex function f
and gives more equivalent conditions for a proper l.s.c. convex function
having the FDP. According to these results, it also presents some new
criteria of Asplund spaces, which tell us that, in a non-Asplund space,
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there never exists a proper l.s.c. convex function possessing the FDP with
bounded effective domain, even with a bounded level set.
2. PRELIMINARY
5 5 UWe will always denote by E a Banach space with its norm ? and by E
5 5Uits dual with the dual norm ? . For any set A ; E, cl co A stands for the
closed convex hull of A. If AU ; EU , then wU-cl co AU means the wU-closed
U  4convex hull of A . An extended real-valued function f : E “ R j "‘ is
said to be proper if it nowhere takes the value y‘ and its effective domain
 Ž . 4dom f [ x g E: f x - ‘ is nonempty. The epigraph of f , denoted by
epi f , is defined by
epi f [ x , r g E = R: f x F r , x g dom f . 4Ž . Ž .
If epi f is convex in E = R, then f is convex on E; and if epi f is closed,
Ž .then f is lower semicontinuous l.s.c. on E.
Ž .The subdifferential of f at x, denoted by › f x , is defined by
U U ² U :› f x s x g E : ; y g E, f y y f x G x , y y x . 4Ž . Ž . Ž .
Ž . UIf f is continuous at x, then › f x is nonempty, convex, and w -compact.
U U  4The conjugate function f : E “ R j q‘ of f is defined by
U U ² U :f x s sup x , x y f x . 1 4Ž . Ž . Ž .
xgE
It is easy to see
U U U U ² U :› f x s x g E : f x q f x s x , x . 2 4Ž . Ž . Ž . Ž .
If f is a proper l.s.c. convex function on E, then we have also that
² U : U Uf x s sup x , x y f x , 3 4Ž . Ž . Ž .
U Ux gE
and in this case,
UUU U; x g E, f x s f x s f x .Ž . Ž . Ž . Ž .
If f and f are two proper l.s.c. convex functions on E, then the1 2
inf-convolution of f and f , denoted by f I f , is defined by1 2 1 2
; x g E, f I f x [ inf f y q f x y y , 4 4Ž . Ž . Ž . Ž . Ž .1 2 1 2
ygE
and we have that
UU U U U U U U; x g E , f I f x s f x q f x . 5Ž . Ž . Ž . Ž . Ž .1 2 1 2
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For a proper l.s.c. convex function f , if we define the E-subdifferential
of f U at xU g EU by
› f U xU s › f U xU l EŽ . Ž .E
U U U U U U ² U U :s x g E: ; y g E , f y y f x G y y x , x , 4Ž . Ž .
6Ž .
Ž . Ž .then by 2 and 3 , we have that
xU g › f x m x g › f U xU ;Ž . Ž .E
in particular,
› f E [ xU g EU : ’ y g E, xU g › f y . 4Ž . Ž .
s dom › f U [ xU g EU : › f U xU / B . 4Ž . Ž .E E
Žw xThe following theorem is the Brùndsted]Rockafellar theorem 4 ; see
w x.also 9, p. 51 .
THEOREM 2.1. Suppose that f is a proper l.s.c. con¤ex function on E.
Then for any gi¤en point x g dom f , « ) 0, and any0
xU g › f xŽ .0 « 0
U U ² U :[ x g E : ; y g E, f y y f x q « G x , y y x , 7 4Ž . Ž . Ž .0 0
there exist x g dom f and xU g EU such that« «
UU U U' '5 5 5 5x g › f x , x y x F « and x y x F « .Ž .« « « 0 « 0
It implies the following precise result, which is a key point in this paper.
PROPOSITION 2.1. Let f be a proper l.s.c. con¤ex function on E. Then,
Ž . Ž . Ž U . U  U U U Ž U .i › f E s dom › f is dense in dom f [ x g E : f x -E
4q‘ .
Ž .ii ² U : U Uf x s sup x , x y f x . 8 4Ž . Ž . Ž .
U Ž .x g› f E
Proof. If xU g dom f U , then for any « ) 0, there exists x g E such0
that
² U : U Ux , x y f x q « G f x .Ž . Ž .0 0
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Ž . Ž . U Ž .By 1 and 6 , this leads to x g › f x . Hence, by Theorem 2.1, there« 0
U U U Ž . 5 U U 5Uexist x g dom f and x g E such that x g › f x and x y x« « « « « 0' Ž . Ž . Ž .F « . Thus, i holds. ii is a consequence of i .
This proposition also implies that for any proper l.s.c. convex function f ,
Ž . Ž .  Ž . 4› f E / B and dom › f [ x g E: › f x / B / B.
 4Every proper l.s.c. sublinear function p: E “ R j ‘ is the support
function of a wU-closed convex subset CU of EU , that is, for each such p,
Ž . U U Uthere exists a unique w -closed convex set C in E such that
² U :U; x g E, p x s s x [ sup x , x .Ž . Ž .C
U Ux gC
It is easy to show that
U U U ² U :C s x g E : ; x g E, x , x F p x 9 4Ž . Ž .
and
U U U ² U :x g › p x m x g C with x , x s p x . 10Ž . Ž . Ž .
A closed convex set C ; E with 0 g C defines a nonnegative l.s.c.
sublinear function p by
 y1 4; x g E, p x s inf l ) 0: l x g C , 11Ž . Ž .
and we also say that the function p is generated by C. It is obvious that
 Ž . 4C s x g E: p x F 1 . If, in addition, 0 g int C, then p is continuous on
E, and in this case, p is called the Minkowski functional generated by C.
U Ž .For such p, C in 9 is the polar set of C, defined by
U U U ² U : 4C s C8 [ x g E : ; x g C , x , x F 1 ,
Ž . U Ž . Ž .and 10 means that x g › p x with p x s 1 is a support functional of
C; i.e., xU attains its supremum on C.
Let C ; E. The indicator function of C, denoted by d , is defined byC
0, if x g C ,
d x [Ž .C ½q‘, if x f C.
If C is nonempty, closed, and convex, then d is proper, l.s.c., and convex.C
By definition,
U U ² U : ² U : 4; x g C , ›d x s x g E : ; y g C , x , y F x , x .Ž .C
Ž . Ž .It means that R›d E s ›d C is just the set of the support functionalsC C
U Ž . Uof C. Let B C be the cone consisting of all functionals in E that are
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bounded above on C. The following theorem is the Bishop]Phelps theo-
Žw x w x.rem 2 ; see also 9 :
THEOREM 2.2. Let C ; E be a nonempty closed con¤ex set. Then the set
of support functionals of C are dense in the cone consisting of those function-
U Ž . U Ž .als in E that are bounded abo¤e on C. That is, ›d E is dense in B C .C
Suppose that AU ; EU , x g E, with x / 0 and a ) 0. We call
U U U ² U : US x , A , a s x g A : x , x ) s x y a 4Ž . Ž .A
a wU-slice of AU , where s U is the support function of AU. We say that AUA
is wU-dentable if it admits wU-slices of arbitrarily small diameter, that is,
for any « ) 0, there exist x g E with x / 0 and a ) 0 such that
diam S x , AU , a - « .Ž .
U Ž .The set A is said to have the Radon]Nikodym property RNP if everyÂ
U U Ž w xnonempty bounded subset of A is w -dentable. It is well known see 3
.for more results about the RNP that
PROPOSITION 2.2. A wU-closed con¤ex set CU ; EU has the RNP if and
only if it is separable on each separable subspace of E.
Ž . EUFor a set-valued map T : E “ 2 , the effective domain of T , denoted
Ž . Ž .  Ž . 4by D T , is defined by D T s x g E: T x / B . T is said to be
² U U : U Ž . U Ž .monotone if x y y , x y y G 0 whenever x g T x , y g T y , and
to be maximal monotone if it is monotone and maximal in the family of
the graphs of monotone maps ordered by inclusion. The subdifferential
Žmap › f of a proper l.s.c. convex function is always maximal monotone see,
w x.for instance, 9 .
w xThe following theorem is a version of Kenderov's result 7 , which is
w xpresented in 5 .
THEOREM 2.3. Suppose that the wU-closed con¤ex set CU ; EU has the
RNP. Then e¤ery maximal monotone map T : E “ 2CU is single-¤alued and
Ž .norm-to-norm upper semicontinuous on a dense G subset of int D T .d
Ž .  U4Recall that f is Frechet differentiable at x provided that › f x s xÂ
is a singleton and for any « ) 0, there is d ) 0 such that
² U : 5 5 5 50 F f y y f x y x , y y x F « y y x , whenever y y x - d .Ž . Ž .
Since the subdifferential map › f of a proper l.s.c. convex function f is
Ž .maximal monotone with int dom › f s int dom f , and since f is FrechetÂ
differentiable at x g int dom f if and only if › f is single-valued and
Ž w x.norm-to-norm upper semicontinuous at x see, for instance, 9 , we
immediately obtain the following.
THEOREM 2.4. Suppose that f is a proper l.s.c. con¤ex function on E and
CU ; EU is wU-closed con¤ex. If the subdifferential map › f is from E to 2C
U
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and CU has the RNP, then f is Frechet differentiable on a dense G subset ofÂ d
int dom f.
We say that a convex function f is generically Frechet differentiable inÂ
an open set D ; E if it is Frechet differentiable in a dense G subsetÂ d
of D.
We describe a proper l.s.c. convex function f on E as having the
Ž .Frechet differentiability property FDP if every proper l.s.c. convex func-Â
Ž .tion g dominated by f i.e., g F f is generically Frechet differentiable inÂ
int dom g.
3. EQUIVALENT CONDITIONS OF FDP
In this section, we will generalize Theorem 1.1 to any proper l.s.c. convex
function. Before doing it, we need the following result, which is a general-
w xization of Proposition 4.1 in 5 .
PROPOSITION 3.1. Suppose that f is a proper l.s.c. con¤ex function on a
U U w Ž .x UBanach space E. Let C s w -cl co › f E and let p s s . Then, for anyC
x g dom f ,0
; x g E, f x y f x F p x y x . 12Ž . Ž . Ž . Ž .0 0
Ž .Proof. Without loss of generality, we assume that x s 0 with f 0 s 0.0
U U U Ž U . ² U : Ž .In this case, we have that for any x g E , f x G x , 0 y f 0 s 0.
Hence, by Proposition 2.1,
² U : U Uf x s sup x , x y f x F p x , 4Ž . Ž . Ž .
U Ž .x g› f E
Ž .which leads to 12 .
PROPOSITION 3.2. Suppose that f and g are two proper l.s.c. con¤ex
U U w Ž .xfunctions on a Banach space E with g F f and C s w -cl co › f E . Then
the subdifferential map › g is from E to 2C
U
.
Proof. Let p s s U . Without loss of generality, we assume that 0 gC
Ž .dom f and f 0 s 0. By Proposition 3.1, we have that
; x g E, g x F f x F p x . 13Ž . Ž . Ž . Ž .
U Ž .Suppose, to the contrary, that there exist points z g E and z g › g z
such that zU f CU. Applying the Separation Theorem to produce z g E0
and d ) 0 such that
² U : Uz , z ) d q s z s d q p z ,Ž . Ž .0 C 0 0
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we have that, for all t ) 0,
U U² : ² :g tz y g z G z , tz y z G t d q p z y z , z .Ž . Ž . Ž .0 0 0
w Ž . ² U :xTake a s g z y z , z rd . Then we have
 4; t ) max a , 0 , g tz ) p tz ,Ž . Ž .0 0
Ž .which contradicts 13 .
Now we are ready to generalize Theorem 1.1 to any proper l.s.c. convex
functions.
THEOREM 3.1. Suppose that f is a proper l.s.c. con¤ex function on E.
Then the following statements are equi¤alent:
Ž .i f has the FDP.
Ž . U w Ž .xii w -cl co › f E has the RNP.
Ž .iii For any proper l.s.c. con¤ex function g with g F f , g has the FDP.
Ž .iv For any n s 1, 2, . . . ,
5 5f x [ inf f y q n x y y 4Ž . Ž .n
ygE
has the FDP.
Ž . Ž .v › f E is separable on each separable subspace of E.
Ž . Ž .vi › f E has RNP.
Ž . Ž .Proof. i m ii . The sufficiency part is immediately obtained by Theo-
rem 2.3 and Proposition 3.2. The necessity direction is directly followed
w xfrom the proof of the necessity of 5, Theorem 4.1 without any change.
Ž . Ž . Ž .i « iii « iv . Since g, f F f , g and f also have the FDP.n n
Ž . Ž .iv « i . Suppose, to the contrary, that there exists a g with g F f such
that g is not generically Frechet differentiable in int dom g. Then there isÂ
a nonempty open set U ; int dom g such that g is nowhere FrechetÂ
differentiable in U.
Let
5 5g x s inf g y q n y y x , x g E. 4Ž . Ž .n
ygE
Then we have that g F f , n s 1, 2, . . . ; and for each x g int dom g,n n
there is an open neighborhood V of x and n G 1 such that g s g in Vn
Ž w x.see 9, pp. 32]33 .
Choose any x g U with a neighborhood of x , V ; U and choose n0 0 0
large enough such that g s g in V . Since f has the FDP, g isn 0 n n
DIFFERENTIABILITY OF CONVEX FUNCTIONS 397
generically Frechet differentiable in E. It is a contradiction to this thatÂ
g s g in V is nowhere Frechet differentiable.Ân 0
Ž . Ž . Ž . Ž . 5 5iv m v m vi . In fact, f is the inf-convolution of f and N ? [ n ?n n
Žw x.9, p. 33 . Since the conjugate function of N ,n
5 U 5U0, if x F n ,U U U U² : 5 5 U 4N x s sup x , x y n x s d x [Ž . Ž . UUn B ½n 5 5q‘, if x ) n ,xgE
U  U U 5 U 5 4 Ž . Ž .where B s x g E : x F n , by 4 and 5 , we have thatn
f U xU s f U xU q d U xUŽ . Ž . Ž .n Bn
and
² U : U Uf x s sup x , x y f x . 4Ž . Ž .n
U5 5x Fn
Obviously,
U U U› f E l B ; › f E ; dom f l B .Ž . Ž . Ž .n n n
Ž . U w Ž .x UBy Proposition 2.1, › f E is dense in dom f , so that › f E l B isn
Ž . Ž .dense in › f E , n s 1, 2, . . . . By Theorem 1.1, iv is equivalent to sayingn
Ž .that for any n G 1, › f E is separable on each subspace of E, which isn
w Ž .x Uequivalent to saying that › f E l B is separable on each subspace ofn
Ž . Ž .E; and iv is equivalent to saying that for any n G 1, › f E has the RNP,n
w Ž .x Uwhich is equivalent to saying that › f E l B has the RNP. Sincen
U‘Ž . w Ž .x› f E s D › f E l B , it leads to the conclusion.ns1 n
4. CONVEX FUNCTIONS HAVING FDP
Now we discuss properties of the class of convex functions having the
FDP.
PROPOSITION 4.1. Suppose that f and g are two proper l.s.c. con¤ex
functions on E. If f q g has the FDP, then both f and g ha¤e FDP.
Proof. Since for any proper l.s.c. convex function g, › g / B, we can
Ž . U Ž .suppose that x g dom › g and x g › g x . Then0 0 0
² U :; x g E, g x G g x q x , x y x .Ž . Ž .0 0 0
If h F f , then, setting
² U :h x [ h x q g x q x , x y x ,Ž . Ž . Ž .g 0 0 0
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we have also h F f q g. But h is generically Frechet differentiable if andÂg
only if h is also. Hence, the FDP of f q g implies the FDP of f.g
COROLLARY 4.1. Suppose that f and g are two proper l.s.c. con¤ex
U w Ž .Ž .xfunctions on E. Then f q g has the FDP if and only if w -cl co › f q g E ,
U w Ž .x U w Ž .xw -cl co › f E and w -cl co › g E ha¤e the RNP.
COROLLARY 4.2. Suppose that f is a proper l.s.c. con¤ex function on E,
U w Ž .xand C s cl dom f. Then f has the FDP if and only if both w -cl co › f E
U w Ž .xand w -cl co ›d E ha¤e the RNP.C
This is because f s f q d . And by Theorem 2.1, we have alsoC
COROLLARY 4.3. Suppose that f is a proper l.s.c. con¤ex function on E
Ž . U Ž .and C s cl dom f. Then ``› f E has the RNP '' implies ``B C has the
U Ž . URNP,'' where B C is the cone consisting of all functionals in E that are
bounded abo¤e on C.
COROLLARY 4.4. Suppose that f is a proper l.s.c. con¤ex function on E
and C s cl dom f. If f has the FDP, then e¤ery proper l.s.c. con¤ex function
h bounded abo¤e on C is generically Frechet differentiable.Â
Proof. This is because the FDP of f implies the FDP of d , whichC
leads to the conclusion.
5. SOME CRITERIA OF ASPLUND SPACES
PROPOSITION 5.1. E is an Asplund space if and only if there exists a proper
l.s.c. con¤ex function f with a bounded effecti¤e domain such that f has the
FDP.
Proof. If E is an Asplund space, then the indicator function of any
bounded closed convex set is a required convex function. Conversely, if
U Ž . Uthere exists such an f , then C s cl dom f is bounded and B C s E
has the RNP, which implies that E is an Asplund space.
w xThis is an improvement of Corollary 4.2 of 5 . More generally, we have
THEOREM 5.1. E is an Asplund space if and only if there exist a proper
Ž .l.s.c. con¤ex function f ha¤ing the FDP and a ) inf f E , such that the le¤el
Ž .  Ž . 4set of f , V f , a [ x g E: f x F a , is bounded.
Proof. We need only show the sufficiency. Without loss of generality,
Ž .we assume that dom f / V f , a ; otherwise, the theorem is proved. There-
Ž . Ž .fore, we can further assume that a s 1, 0 g V f , 1 with f 0 s 0; other-
Ž . Ž . Ž Ž .wise, choose any x g dom f such that f x - a , let g x s k f x q x0 0 0
Ž .. w Ž .xy1 Ž .y f x , and substitute g for f , where k s a y f x . Thus, V f , 1 is0 0
closed and convex and contains 0.
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Ž .We first show that f is bounded below on V f , 1 . Choose any x g
UŽ . Ž .dom › f and x g › f x . We have
U² :; x g E, f x G x , x y x q f x ,Ž . Ž .
and
U² :inf f x G inf x , x y x q f xŽ . Ž .
Ž . Ž .xgV f , 1 xgV f , 1
U5 5 5 5G y x V f , 1 q x q f x ,Ž . Ž .
5 Ž .5 5 5where V f , 1 s sup x - ‘. Therefore, f is bounded below onx g V Ž f , 1.
Ž .V f , 1 and on E.
Ž .Now let p be the nonnegative sublinear function, generated by V f , 1 .V
Then p is a proper l.s.c. convex function on E. We show thatV
; x g E _ V f , 1 , p x F f x . 14Ž . Ž . Ž . Ž .V
Ž .Without loss of generality, we assume that x g E _ V f , 1 satisfies 1 -
Ž .f x - q‘. Since f is l.s.c. and convex, f is continuous on the interval
w x Ž . Ž . Ž .0, x . Hence there exists l g 0, 1 such that f l x s 1 s p l x , andV
then
l p x s p l x s f l x F l f x q 1 y l f 0 s l f x .Ž . Ž . Ž . Ž . Ž . Ž . Ž .V V
Ž .Thus 14 holds. Joining up with the lower boundedness of f , we obtain
that
; x g E, p x F f x q 1 y inf f E ;Ž . Ž . Ž .Ž .V
and then p also has the FDP.V
U w Ž .xBy Theorem 3.1, w -cl co › p E has the RNP. Since
U U U U² :w -cl co › p E s x g E : ; x g E, x , x F p x 4Ž . Ž .
1
U U U U² :> x g E : sup x , x F 1 > B ,½ 5 V f , 1Ž .Ž .xgV f , 1
U U U Ž U .where B denotes the unit ball of E , this says that B and further, E
has the RNP.
5 5Recall that a continuous function f on E is called coercive if x “ q‘
Ž .implies f x “ q‘.
COROLLARY 5.1. E is an Asplund space if and only if there exists a
coerci¤e continuous con¤ex function f ha¤ing the FDP.
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6. FINAL REMARK
Theorem 3.1 tells us that, in any Banach space, there are many convex
functions that are generically Frechet differentiable, such as proper l.s.c.Â
convex functions dominated by a support function of a wU-compact set in
EU , or, by an indicator function of a closed convex set C ; E whose
support functionals are separable on each separable subspace of E. On the
other hand, if E is not an Asplund space, and if f is a proper l.s.c. convex
function and has the FDP on E, then dom f must be unbounded, and even
Ž .f has no bounded level set Theorem 5.1 .
w xBoth this note and 5 focus on the generic Frechet differentiability ofÂ
all proper l.s.c. convex functions dominated by a proper l.s.c. convex
function. However, there are still continuous convex functions that are
generically Frechet differentiable going beyond our research field. ForÂ
example, the natural norm on l‘ is Frechet differentiable on a dense openÂ
Ž w x.set see 14 , but the image of its subdifferential map does not have the
RNP.
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